In this paper we propose a novel transform called continuous quaternionic stockwell transform. We express the admissibility condition in term of the (two-sided) quaternion Fourier transform . We show that its fundamental properties, such as Plancherel, Parseval and inversion formula, can be established whenever the continuous quaternion stockwell satisfy a particular admissibility condition. We present several examples of the continuous quaternion stockwell transform. We apply the continuous quaternion stockwell transform properties and the two sided quaternion Fourier transform to establish a number of uncertainty principle for these extended Stockwell .
Introduction:
The quaternion Fourier transform , which is a nontrivial generalization of the real and complex Fourier transform using quaternion algebra has been of interest to researchers for some years . It was found that many Fourier transform properties still hold but others have to be modified. On the other hand, R.G.Stockwell constructed the Stockwell transform by combining of wavelet transform and windowed Fourier transform [1] . Recently, some authors [6] demonstrated a number of properties of the classical stockwell transform considered the kernel of the classical Fourier transform and using quaternion valued function . The purpose of this article is to construct the 2D continuous quaternion stockwell transform based on quaternion algebra. Our construction uses the kernel of the quaternion Fourier transform which in general does not commute with quaternions. We use the two sided quaternion Fourier transform to investigate some important properties of the 2D continuous quaternion stockwell transform. Special attention is devoted to Plancherel, Parseval's relation, inversion formula. We show that these fundamental properties can be established whenever the admissible quaternion window satisfy a particular admissibility condition. Using the properties of the 2D continuous quaternion stockwell transform and the uncertainty principle for the two sided quaternion Fourier transform, we establish an uncertainty principle for the 2D continuous quaternion stockwell transform.
Generalities:
In this section, we recall some basic definitions and properties of the Quaternion Fourier transform. For more details, see [3] . The quaternion algebra was formally introduced by the Irish mathematician W.R Hamilton in 1843, and it is a generalization of complex numbers. The quaternion algebra over R, denoted by H, is an associative non-commutative four-dimensional algebra,
which obey Hamilton's multiplication rules ij = −ji = k, jk = −kj = i, ki = −ik = j, i 2 = j 2 = k 2 = ijk = −1.
The quaternion conjugate of a quaternion q is given by
The quaternion conjugation is a linear anti-involution pq = q p, p + q = p + q, p = p.
The modulus of a quaternion q is defined by
It is not difficult to see that |pq| = |p||q|, ∀p, q ∈ H.
A quaternion-valued function f : R d −→ H will be written as
We introduce the space L 2 (R d , H) as the left module of all quaternion-valued function f :
We defined by µ d the normalized Lebesgue measure on
For p = ∞, L ∞ (R d , H) is a collection of essentially bounded measurable functions with the norm
For p = 2, we can define the quaternion-valued inner product
with symmetric real scalar part
(4) Both (3) and (4) lead to the L 2 (R d , H)-norm
As a consequence of the inner product (3) we obtain the quaternion Cauchy-Schwartz inequality
For two function f , g ∈ L 2 (R d , H). Using (3), (4) and (6) the Schwartz inequality takes the form
and it satisfies Plancherel's formula F Q (f ) 2,R 2 = f 2,R 2 . As a consequence F Q extends to a unitary operator on L 2 (R 2 , H) and satisfies Parseval's formula:
The inverse Quaternion Fourier transform of a function f ∈ L 1 (R 2 , H) is given as
.
Definition 2
The convolution of two functions f, g ∈ L 2 (R 2 , H) is the function f * g defined by
Theorem 1 [9] Let f and g be two quaternion functions and if we assume that
then the quaternion Fourier transform of the convolution of f ∈ L 2 (R 2 , H) and g ∈ L 2 (R 2 , H) is given as
Remark 1
1. Let g(x, y) = g 1 (x, y) + jg 2 (x, y) where g 1 and g 2 in L 2 (R 2 , R) and g(−x, y) = g(x, y) we have g satisfies the condition (8).
2. In [10] , the authors gave a demonstration of the property by considering some other assumptions.
For all f ∈ L 2 (R 2 , H) and g satisfies the condition of theorem 1, we have
Thus, if f ∈ L 2 (R 2 , H) and g satisfies the condition of theorem 1, the function f * g belongs to L 2 (R 2 , H) if and only if F Q (f ).F Q (g) belongs to L 2 (R 2 , H), and in this case, we have
Then, for all f ∈ L 2 (R 2 , H) and g satisfies the condition of theorem 1, we have
where both sides are finite or both sides are infinite.
Continuous quaternion stockwell transform
Based on the properties of quaternions and the definition of the classical Stockwell transform S ϕ with the Fourier transform F, we obtain the definition of the quaternion Stockwell transform S Q ϕ by replacing the kernel of F with the kernel of the quaternion Fourier transform F Q in the classical definition S ϕ as follows.
In this section, we present the Continuous quaternion stockwell transform and we establish some new results (Parseval formula, inversion formula,Lieb inequality,..). For more details on stockwell transform, the reader can see [7, 8] . Let I 2 denote the (2, 2)-identity matrix and 0 2 , resp. I 2 the vectors with 2 entries 0, resp. 1. For all ξ = (ξ 1 , ξ 2 ) ∈ R 2 , let A ξ be an invertible 2 × 2 matrix, i.e.,
A pair {ϕ, ψ} of a nonzero functions in L 1 (R 2 , H) ∩ L 2 (R 2 , H) is said to be an admissible quaternion window pair if ϕ and ψ satisfy the following admissibility condition
is a non zero quaternion constant . A nonzero function ϕ in L 1 (R 2 , H) ∩ L 2 (R 2 , H) is said to be an admissible quaternion window if ϕ satisfies the following admissibility condition
is a non zero real positive constant .
then the two-dimensional quaternion Stockwell transform S Q ϕ (f ) of a quaternion signal f in L 2 (R 2 , H) with respect to quaternion window ϕ is given by
be a non zero quaternion window function. Then the inversion formula for the two-dimensional quaternion Stockwell transform S Q ϕ of a quaternion signal f in
where F −1 Q is the inverse quaternion Fourier transform and A is the operator given by
for all ξ in R 2 \ {0} and all measurable functions F on R 2 × R 2 , provided that the integral exists. We note also that the two-dimensional quaternion Stockwell transform S ϕ can be written as
where M ξ , T −b and D A ξ are the modulation operator, the translation operator and the dilation operator given, respectively, by
and
for all x in R 2 .
4.
A
2.
Proof.
1. For all ξ and η in R 2 , the quaternion Fourier transform of M ξ f is given by
2. For all b and η in R 2 , the quaternion Fourier transform of T −b f is given by
3. for all ξ in R 2 \ {0} and all η in R 2 , the quaternion Fourier transform of D A ξ f is given by
For every quaternion functions f, g in L 2 (R 2 , H), the quaternion Stockwell transform satisfies the following properties
(i) For any two complex scalars α, β in C, we have
(ii) For any two quaternion scalars α, β in H, we have
Theorem 3 Assume that ϕ satisfies the assumption of theorem 1 then for every f ∈ L 2 (R 2 , H), we have we have
where η = (η 1 , η 2 ) ∈ R 2 and ξ = (ξ 1 , ξ 2 ) ∈ R 2 .
Proof. From Eq. (16), Eq. (22) and Eq. (24) we have
and the quaternion window function ϕ in L 1 (R 2 , H) ∩ L 2 (R 2 , H) satisfy the assumption (??), then we get the desired result (26). 
To give a proof of Theorem 4, we need the following lemma.
Substituting γ = (γ 1 , γ 2 ) = ( ζ 1 ξ 1 , ζ 2 ξ 2 ) and
Proof. of theorem 4. Using Theorem 3, lemma 1 and Fubini's theorem, we get
In particular, if ϕ = ψ we have
And if f = g and ϕ = ψ we get
Theorem 5 (Lieb inequality) Let ϕ and ψ be two quaternion window functions satisfy the assumption of theorem 1 . For p ∈ [1, +∞[ and for every f , g in L 2 (R 2 , H), the function
1. According to Cauchy-Schwartz inequality and Plancherel's Theorem for the continuous quaternion Stockwell transform S Q ϕ and S Q ψ , for every f, g in L 2 (R 2 , H),
which implies that S Q ϕ f S Q ψ g belongs to L 1 (R 2 × R 2 , H) and
2. For every (ξ, b) in R 2 × R 2 , we have
3. By combining relations (30) and (31) and for every p ∈ [1, +∞[, we get
Lemma 2 Let ϕ be an admissible quaternion window function satisfies the assumption of the-
1. For p = +∞, we have
2. For every p ∈ [1, +∞[, the theorem 5 implies that for every f = g and ϕ = ψ,
by the change of variable q = 2p ∈ [2, +∞[, we get
finally, we deduce that
4 Uncertainty Principle for S Q ϕ Definition 3 (Entropy) According to Shannon, the entropy of a probability density function P on R 2 × R 2 is defined by
Theorem 6 (The Beckner's uncertainty principle in terms of entropy for S Q ϕ ) Let ϕ be a non zero admissible quaternion window function satisfies the assumption of theorem 1 . Then for all f in L 2 (R 2 , H) with f = 0; we have
Proof. Assume that f 2,R 2 = ϕ 2,R 2 = 1, then by relation (31) we deduce that
• Therefore if the entropy E(|(S Q ϕ f )|) = +∞ then the inequality (32) holds trivially.
• Suppose now that the entropy E(|(S Q ϕ f )|) < +∞ and let 0 < x < 1 and M x be the function
The sign of dM x dp (p) is the same as that of the function
For every 0 < x < 1, the function N x is differentiable on R, especially on ]2, 3], and its derivative is dN x dp (p) = (p − 2)(ln(x)) 2 x p .
We have that, for all 0 < x < 1, dN x dp (p) is positive on ]2, 3], then N x is increasing on ]2, 3].
For all 0 < x < 1, lim p −→2 + N x (p) = N x (2) = 0, then N x is positive which implies that dM x dp (p) is positive also on ]2, 3] and consequently p −→ M x (p) is increasing on ]2, 3]. In particular,
∀p ∈]2, 3], x 2 ln(x) = lim
We have already observed that for all every
Let F be the function defined on [2, +∞[ by
According to Lieb inequality, we know that for every 2 ≤ p < +∞, the continuous quaternion Stockwell transform (S Q ϕ f ) belongs to L p (R 2 × R 2 , H) and we have
Then relation (34) implies that F(p) ≤ 0 for every p ∈ [2, +∞[ and by Plancherel's formula, we have
Therefore dF dp p=2 + ≤ 0 whenever this derivative is well defined.
On the other hand, we have for every p ∈]2, 3] and for (ξ, b)
Then
Moreover, for every p ∈]3, +∞[ and for every (
and consequently
Using relation (33) and Lebesgue's dominated convergence theorem, we have
and consequently dF dp p=2
So (32) is true for f 2,R 2 = ϕ 2,R 2 = 1. For generic f, ϕ = 0, let g = f f 2,R 2 and ψ = ϕ ϕ 2,R 2 , so that g 2,R 2 = ψ 2,R 2 = 1 and E(|(S Q ψ g)| 2 ) ≥ 0.
Since
by using Plancherel's formula (28) and Fubini's theorem, we get
we deduce that
Theorem 7 (The generalized Heisenberg uncertainty principle for S Q ϕ ) Let p and q be two positive real numbers. Then there exists a non-negative constant D p,q such that for every non zero quaternion window function ϕ satisfies the assumption of theorem 1 and for every non zero quaternion function f in L 2 (R 2 , H) we have
Proof. Assume that f 2,R 2 = ϕ 2,R 2 = 1 and let A t,p,q be the function defined on R 2 × R 2 by
, where Γ(.) the Gamma function.
(i) We see that
(ii) The function F(t) = t ln(t) is a convex function over ]0, +∞[.
is a real-valued function, integrable with respect to the measure
Hence according to Jensen Inequality we get
Then 0 ≤
which implies in terms of entropy that for every positive real number t,
Therefore
By (32), we get
However the expression t ln(B p,q ) − ln(t , which implies that
Suppose now that f = 0, g = f f 2,R 2 and Ψ = ϕ ϕ 2,R 2 , so that g 2,R 2 = Ψ 2,R 2 = 1.
By the previous calculations we have
Using the relation
we get
Now, for every positive real number λ the dilates f λ belongs to L 2 (R 2 , H), we have
On the other hand,
On the other hand, and again by Hölder's inequality and relation (31), we deduce that . Definition 4 A function F in L 2 (R 2 × R 2 , H) is said to be α-concentration on a measurable set
If 0 ≤ α ≤ 1 2 , then the most of energy is concentrated on Σ, and Σ can be called the essential support of F .
If α = 0, then Σ contain the support of F . Theorem 9 (Donoho-Stark for S Q ϕ ) Let ϕ be a non zero admissible quaternion window satisfies the assumption of theorem 1 , and for every f in L 2 (R 2 × R 2 , H) such that f = 0. Let Σ a measurable set of R 2 × R 2 and α ≥ 0. If (S Q ϕ f ) is α-concentrated on Σ, hence we have
Proof. Let Σ ⊂ R 2 × R 2 a measurable subset and χ Σ c = 1 − χ Σ . We may the write
by relations (28) and (36), we have
using (38) and (39), we obtain
consequently by using (31), we deduce
we may simplify by f 2 2,R 2 to obtain the desired result (37).
Theorem 10 (Lieb uncertainty principle for S Q ϕ ) Let ϕ be a non zero admissible quaternion window satisfies the assumption of theorem 1 , and for every f in L 2 (R 2 × R 2 , H) such that f = 0. Let Σ a measurable set of R 2 × R 2 and α ≥ 0. If (S Q ϕ f ) is α-concentrated on Σ, hence for evry p > 2 we have
On the other hand, and again by theorem 5 and relation (40), we deduce that 
